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| DIFFERENTIAL EQUATION |

EXERCISE - IlI

3
d?x dx4
Sol.1 (i) F + ot —xt=0

Order=2
Degree=3

r 13/2

2
dx

-
dy |
dx? | ~

(i) ﬂ —
dx?

Order=2
Degree=3

/n(sec x + tan x) dx = /n(secy +tany)

Sol.2 cos X cosy

Isec x/n(secx + tanx)dx :J.sec y/n(secy +tany)dy

[In (sec x + tan x)]2 = [¢n (sec y + tan y)]2 + k

dy | JOE —1(y? - 1) 0

HINTS & SOLUTIONS

dt .
— — 1 =sint + cost
dx
dt .
— =sint+cost+1
dx
dt
—  =dX
sint+cost+1
seczidt
= 2dx
1+tan—
2

t
/n (1 +tan E):X+C

(n (1 +tan Xzy):x+c
Sol.5 (a) d—y+sinu—sin b
' dx - 2
dy _ X .y
dx =—-2cos > sin >

Sol.3
dx Xy Xd =— 1|2 id
J.cosecz y J. cos2 X
YAy Vx*-1g g y >
\/yz—l X - éntanZ:C—ZsinE
2 d
y dy x2 -1 b)  sinx L =ymy
> .+ > dx=0 dx
\/ Yo -1 wx?-1
dy
ydy . X N 1 o yiny - cosec x dx
\/y2—1 Vx? -1 xWx2-1
X
Integrate /m (¢xy) = In (tanaj +C
Jy2 -1+ y2_q —sec'x=C
T e -
> = C=0
dy .
Sol.4 —= =sin(x+y) +cos(x+Yy)
dx X
Putx +y=t ény:tanz
d dt
1 + _y - — X
dx  dx tanz . .
> y=¢€ Particular solution.
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DIFFERENTIAL EQUATION | Page #9

Sol.6 eWdx=x+1

Sol.9 Ly (Length of the normal) =y /1, m2
dy

&:én(x+l) K2

Y \J1+m? =k = 1+m?2= y2
Idy = J',én(x+1)dx

k2_y2 k2_y2
= m? = > m=+ -+
y=(x+1) Ién(x+1)dx y2 y
y=xx+1[Inx+1)]+C
d
(0,3)= C=4 V- A IR L
y=(x+1)/Mx+1)—-x-1+4 dx k2—y2

y=(x+1)/n(x+1)—x+3 Particular soluton

-dP
Sol.7 (a) a9t k (P —1000)
In (P - 1000) = -kt + c

P =1000 + ¢, et k? —y2 =x2 _
t=0= P = 2500 X2 +y2 = k2 Circle
= ¢, = 1500
P = 1000 + 1500 ekt 7y
(b) t=10= P =1900 Sol.10 Y¥=FM = = kay
m

900 = 1500 e(10)

1 (EJ Viem? +1 _ o
=% 10 "3 m
=P = 1000 + 1500 ekt am? = (kem—1)

1500 = 1000 + 1500 ekt

2 = |2%2m? _
—ekl=3— kt=In3 1+ me=kx“m + 1 — 2kxm

—2KX dy - 2KX

In3 =0: = _— =
t= Lik] =10 m > m 1-K?x2 7 dx | 1-k2x2
L
In =
3 1| - 2k?x
=10.In, 3 dy =g 1ok |
—dm y= 1 /(1 -k2x3)| + ¢nC
Sol.8 —— =Km k
dt
/nm=—kt+ /nc «
m_ ~ m=cet Sol1l A= If(x) dX =k e
c 0
att=0, m=m, = C=m, Use Leibitz
m = mge ™ f(x)=k (n +1) [f()]".f'(x)
o 1
att=ty, m=m, [1_ﬁj KD~ fe . f x) X
a -1 a X [F()1"
- | = —ki _— - _— = =7
Mo [1 100}‘”"0e o= K=% ””[1 100) k(n+1) n ¢
m = mg e x=0,f0)=0 = C=0
Where 1
x=1,f1)=1 = k= ——
1 o n+1
K=7"/n (1——J [fOI" = x
t 100 00 = xthn
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| DIFFERENTIAL EQUATION |

Sol.12 Giventhat

y V1+m? _ /7x2+y2

m
y? (1 + m?) = m? (x? + y?)
y2 = m2x2
m=t <

X

dy _y dy _ -y
dx X dx X
dy _ dx dy _ dx
y X y X

ny =/nx +ek /lny=—/Inx+Kk

1+y/x

dt

dx

” =k xy =k
y = k'x
d 2 d
Sol13 (@) XXX >
ax X2 + y2 ax 1+(y/x)
Puty = tx = d_y =t+x —
y= dx
dt 1+t dt 1+t
t+ —

X — = X — = ——F —
dx  1+t2 N dx 14t

dt  1+t-t-t

dx 142 a-1d)
2
t 1 dx
— dt+ dt = —
1- 13 1-t3

1-t3 1-°

2t?
1) at

2{ 3t2 }dt 1{ 2t+1 }dt 1 dt
— +=Z |5 = —5——=—=
3|1-t 2 t2+t+1 2 t24t+1 X

Integrate both the side

2 1
——én(l—t3)+aén(t2+t+1)

(1+t%)dt  dx

2 1-t2 + 2
t d
dt + [—} dt = 7’(

A-H)@+t)dt
A-tHa-t2+t)

dx
X

dx

After putting value of 't
C (X _ y)2/3 (X2 + Xy + y2)1/6

1t A X+2y
=exp ﬁan 3
(b) (x® = 3xy?) dx = (y® - 3x?) dy
dy x3—3xy2
dx ~ y3-3x%y
2
1—3[yj
dy _ X
2=
ax YY) _afY
X X
Puty = tx ay =t+X a
y= = dx dx
N 1-3t%
“ax T @ at

dt  1-3t2—t*+3t?

Xax T y2-3)
t(t2 - 3) dx
aodt= —
1-t X

After integration
y2 _ X2 =c (y2 + X2)2

Sol.14 x=1y 1. m?2 |

Y V14m? =X

2

X 1 ) X
N 2 =+ = 1+m= "5
1+m y y2

2 2 2 2
X" -y dy X" -y
2 = — =%
m y2 = ax T y2
Put =tx = d—y—t+xﬂ
y= dx dx
t dt dx

V-2 -2 = x

3 After integration
1 2t+1

—1 =/Mmx+C 2 2 2 2

+ \/gtan [\/5] y© 2y Yy —X N y2_x2)c_

2.— — >~ x3

2 X
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Sol.15 Equation of PN (angle bisector of emanating

t + X_dt e t2 _1
and reflected ray) y-b _ + ox 2y dx 2
)7 T @ 4p?
dt  t?-1-2t
y X — = —-— =
/ dX Zt
(Xas v2) (y=v.) 2t
P(a, b) y=b > dt = d_x
5 -t°-1 X

N /n (t2+1)=—/nx+¢nC

d
/ \0(0'0)\ X (2 +1)=C
\ (y2+x2}
X
b a++a’ +b?
202 X~ Z2.p2 | YT b=0 c=2 (1, 1) Passes

y2 + x2 = 2x
Y dy

X2 +y2-2x=0
X +va2+b?  dx

=C

Sol.17 |ym| = X;y
ydx —xdy  \[x? +y? g
2T N Y s
YZ y2 e y dy _ x+y
dx 2
I d(x/y) & xey
x jd_y 2 e
(j +1=]5 dx y
Y Put y = tXx
X x2 2 [I+X$:| = ﬂ
In|y Tz =iny+c dx t
y y y
dt 1+t dt _ 1+t-2t2
X + ’x2+y2 = ky? 2t+ 2x dx ~ t = 2 dx ~ ot
1 = k?y? - 2kx (Parabola) 2t
Loz M
Sol.16 Y-y =m (X-Xx) . _
Y-y-m((X-x)=0 After integrating and then pases thorugh
(1, 0) will get
—y+mx (y=x)2(x+2y)=1
=X
1+m?
(Mx =y =x? (1 +m?) Sol.18 y?=a-x y3d—y +x+y2=0
m2x2 — 2mxy + y2 = x2 + x2m? dx
=2 _ y2
2mxy = y© — x dy da
2 2 2y = = — -1
_Yy =X dx  dx
2xy ;
y
V2 y3 o Pt y2=0
-1
LA $ Puty = tx d
dx ~ 2y y= yZ(Zyd—yj+2x+2y2:0
X X
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Page # 12 | DIFFERENTIAL EQUATION |
=t
da_, _ T
@=x) | gx +2x+2(a-x)=0 dt _ tlcost+tsint]
X 4x _ [tsint—cost]
da
a—-x)|—-1|+2a=0
( )[dx ) ot tcost + t>sint—t?sint + tcost
dx tsint —cost
da 1= —-2a da _ -a-x
dx ' a-x  dx  a-x tsint—cost __ dx
Put a=tx 2tcost X
da dt —In (tcost) =2/nx + (nC
o P X /n (t cos t) x2 = ¢nk
(tcost) x2 =k
(4 x dt _ -1-a/x
dx ~ a/x-1 Yy Y oo Yl _.
[chos [ij =k = Xy cos | =k
dt -1t
dx ~ t-1
X S0l.20 Y—y=m (X-X)
dt _ —1-t-t? 4t A (0, y —mx) A
*ax T T i1 0 (0, 0) S
P(XxvY)
t-1 dx 1-t dx OA=PA
12 M0 T e Mt i
ly = mx| = x2 + m2x?
[ 1 J 1[2tjdt—dx y? + m?x2 — 2mxy = x? + m2x2
1+t2) 7 2 \1+4¢2 ToX > 9
y —-X
1 2 -
tan~'t — > /(L +1t2)=/(nx+/nC d
dy y2 —x2
a 1 a® +x° dx 2xy
tan-l — — = /n 2 = /nx + /nC
x 2 X Puty = tx
dy dt
a 9 _ a
tan™’ <2 (a% +x2) = (nC ax TP
1 b L, a R
Eén(a + x4) —tan ;—k dx ot
Where a = y2 + x
Y dt _t?-1
dx 2t
Y oY Yy y| dy
xcosZ +ysin® |  =| ysin= - xcos> |y =L
Sol.19 [ " y x} y_[y " X}X dx 2t - —dx
1+t2 X
_Xcosx_{_ Sinx /n (1 + t2) + /nx = /nC
o Loox ) (L+B)x=C »+y?=Cx
dx - ysini—xcosﬂx
L X+y+1
Sol.21 d—y: w
-~ dx X=y
Cosy+(yjsiny y Let  x=X+h = dx=dX
dy | x \x) x|x y=Y+k = dy=dY
dx [ysiny_cosy} dy  (X+h)+(Y+k)+1
X X X dX —  (X+h)=(Y +k)
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dy  (X+Y)+(h+k+1) r
X~ (X-Y)+(h-K) , | 3te1es
h+k+1=0&h-k=0 3| 3.1 dt = dx
1 1 -
= h=- E, k= —E
X+Y 2 1+ }dt:dx
ay _ XY v —x 3| 2(3t+)
dX  X-Y
2 1
dt 14t 1-t dXx §t+§fn(3t+l):X+C
—=— -t = 5 dt= —
dx 1-t 1+t X (3t + 1) = ke3(x-2y)

1 3x+y+1)+1= ke3(x -2y)
tan~1t— > /n (1 +t3) = /(nx + (nC

X +y + % = k'edx-2y)

1
tan—"t -5 (n (y2 + x2) = /nC

tan™! % =InC,ly? + x2

Sol.23 tangent Y—-y=m (X-x)

-1
Normal Y -y= ™y (X=x)

L' from origin to tangent = L"to Normal

y+3 1 2
1 — = =
tan 1 —/nc\/[XJrzj +[)/+2j _y+mx —y-x/m
Viem? | | y141/m?
2y +1 —
tan™! (2§+1) :énc\/x2+y2+x+y+1 (y—rr21x)22_ (FT213/+X)2 L
2 > m2(xX2-y?)—4mxy +y>—-x2=0
dy _ 2xy+(x*+y?)
dy _ X+y+1 m—d—X = X2_y2
Sol-22 = ox42y+3
2
dy _ x+y+1 _ +ve d_y:(X+Y) _ Xty
2&——1 Put x+y+1=t Vi dx = X2 —y?2 X—y '
x+y+1+§
dy (x-vy)
-ve = ==
[ﬂ_}_ t dy  dt dx X+y
dx B 1 1+&_& Homogenous y = tx
xﬁ _1+t2
ﬂ 1= t dx 1-t
dx 2t+1
L _1( 2t )y _dx
dt _ 3t+l 1+t2 2\1+62)  x
dx 2t+1
1 1
2t+1] ~ tan—11 tZ—EIn(1+t2):Inx+Ink
3t+1 dt = dx +
,x2+y2:C etan’ly/x
5 3t+§ Similarly if we take —ve sign

2| _ . _
3 | 3t+1 = dt = dx ,X2+y2 =c eftan’ly/x

394 - Rajeev Gandhi Nagar K ota, Ph. No. 0744-2209671, 93141-87482, 93527-21564 M 0 T? 0 N,TY.‘,‘“H,:[‘:
IVRSNo. 0744-2439051, 0744-2439052, 0744-2439053, www.motioniitjee.com, email-info@motioniitjee.com Nurturing potential through education




Page # 14 DIFFERENTIAL EQUATION |

Sol.24 y = y(t) 5
[-—dx 1
dy _ 2 F=e X =2
ot o=t 2
2td 2
LF = el SRS
X2 = Iix—zdx
P Itzetzdt
ye = 2 Yy 1
e —5 =t = +c¢C
X X
im Y i Itz et dt i {2 ot y=cx? £ x
o = o 2 = .20
t te e +2t°e

Sol.27 Y—-y=m (X-X)

2
_ lim _t 1 y — mx = x2

dy _ ,
N y-Xx g =X
Sol.25 (1 -x2) — +2xy =x (1 —x?)12
dx ydx — xdy g
2 =dx
dy ( 2x j X X
— 4+ > y:
dx 1-x 1-x2
y
d[;) =—dx
[-25ax (12 1
IF=e X =eMx)- =
1-
X %:—X+C
y X
1-x2 ~ _[ (1-x2)32 dx y = ¢cx — X2
y 1
— d
2 = +C 9y o2
1-X /1—x2 Sol.28 x ax Y 2x“ cosec 2x
y=CL-x)+ J1_x2 dy y

— = = 2X cosec 2X
dx X

Sol.26 Tangent
I.E. = *jldx— —/nx—l
voy= iy e Tf T
Y= dx

Y IZCosecx dx
tx=0 = v=[y-x¥ X
put A=0U = ¥= dx
Yy _ Intanx + C
1., X
A= EX
y = CX + X /ntan X
1 dy 1
=2y =X == |.X|==y2 ) +y2 = ~Ty—
‘Z{Y dx} 5 X Sol.29 (1 +y4) dx=(tan™"y —x) dy
d 1 1
2y—x—y I Put tan ly=t = | 14y2 dy = dt
dx
dy 2 dx
— —y=z 1 = — _— =
dx  x dx=(t-x)dt = OIt+x t
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I.LF. = ejl'OIt = et

X X
Sol.32 f(x) :—jf(t) tant dt + J.tan(t—x)dt
X et = jtet dt 0 0

xet=tet—el+c putt—x=z=dt=dz
X=t—1+ce

X 0
x=tanly—1+ cetan 'y f(x) = —If(t) tan t dt + Itanz dz
0 -X

Sol.30 y— Intercept of tangent = y —mx

X(y — mx) = + a2 Now use leibnitz
—mx) =%

f'(x) = —f(x) tanx — tanx

d
Xy — X2 Y *a? dy
dx 5 Y tanx = ~tanx
dy
2 Y a2
ax Y Fe LF. = ejta“XdX = sec x
dy :l—ﬁ (secx):_J.tanxsecxdx:—secx+c
dx x T X y
X y=ccosx—1
dy _y__2& y0)=0=c=1
dx X x? y = CcosX — 1
[ Lax 1 Sol.33 Given that F(x) = jf(X)dx = f(x) =F'(x)
.= e X =g fmx ==
X
y a2 , sin 2x
e * x_3 dx F’(x) + cosx. F(x) = —(1 - sin x)z
y a? dy sin 2x
xTEp2 TC ax TV T (1 sinx)?
y=Cx i I.LF. = eIcosxdx = @sinx
2X
) J' 2sincosx
SINXy = - 5 Sinx
d y(es™) = (1+sin)? © dx
Sol.31 —— (xf(x)) <~k f(x)
X put sinx =t
X F/(x) + f(x) < —k (x)
xf (x) + (1 +K)f(x) <0 t
multiply by x¥ =2 I(l 1) et dt
xK+LP(x) + (k + 1) XK f(x) <0
d ] Zesinx
— (xk*Lf(x)) <0 esiy= == +¢
dx( C) y ™) 1+sinx
Let F(x) = xk*1 f(x)
F(x) is decreasing for x > 2 -2 _sinx
FO) <F(2) FO= T sinx T C°
F(x) <A
XKL f(x) < A oy —2C0SX
f(x) <A. x 1K F(x) = (L1+sinx)? ~ Ce& " cosx
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Sol.34 Rate at which fertilizer added = 1 x 1=1 gm/min.

volume of solution at time t = 100 + (1 — 3) t Sol.37 dy tany _ (1 +x) e*secy
=100 = 2t dx 1+x
dy ( 3y j d -
. AP ) A dy _siny _ .. «
dt 100 -2t Cosy =1 -A*xe
&+ (oo
Gt *\To0_2t)y=1 iny= dy _dt
dt 100 -2t siny =t = cosy Ix Ix
= y=(100 —2t) + ¢ (100 — 2t)372
1 do__t _ x
att=0,y=0 = c=- 7o T CAne
= (100 - 2t) - 1 (100 — 2t)32 _[9x
Y 10 IF=e tx = 1
1+x
dy 7
-5 =0 = t=27=
dt 9 L J.ex dx
1+x
Sol.35 Rate at which salt added =4 x 1 =4 gm/min.
volume of solution attime t =40 + (4-2)t = 40+2t t —eX+C
1+x
& =o-la'
L =4- 2
dt 40 + 2t siny .
1rx 7
dy
dt 200 +t siny=(1+x) (eX+C)
S0l.36 (x—y2) dx +2xydy =0
d ey 1
@y Lol Sol38 2 = - =
2
Y_y _y Ldy 1 e
dx  x eY dx  x? X
dy _ dt ev=t
dx X
dy dt
Y — = —
ﬂ — t —1 € dx dx
dx X
a ot a1t
dx  x dx ~ x2 X
1
ILF. = e_kOIX -1 da t -1
X dx  x  x?
t 1
Pl P L a
F=o = == [
t X X X
— =—/nx—/(nC
X
t
2 —_ = —= + C
Y +mxc)=0 S
X
y2 + x /n (xc) = 0 2xeY =1 + Cx2
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dy
2
dy dy Sol.41 =Xy (eX-¢Y)
— — — = dx
Sol.39 [dxj (x+y) ax +xy=0
dy _ e
dy - (x+y)i\l(x+y)2—4xy dx e’
dx 2
dy 2
ey T eXey =eX

dy _ (x+y)*(x-y)
dx 2 dy _ dt

dx dx
dy _ x2
tve a_X:y_?-FC ﬂ*_eXt:eZX
dx
dy _ Iede eX
e —:y:[ny:x+c I.LF.=¢e e
dx
y = keX te? = Ieex. e?Xdx
e*=z
e*dx =dz
dy y2—x
-4 = = z
Sol40 2y(x +1) = Ize dz
2 te® =ze?—e?+C
L
Vo T+ T (D) te® =exe® —e® +C
e¥=(eX-1)+ Cexp. (-€
Puty? =t Ly Y&
y = Y ax T dx g
Sol.42 vy % sin X = cosx sin X — y2 cos x
¢ t —X
rom— — 7o~ =
dx (x+1) — (x+)) 2 dy 1 dt
=0 =Y 9 T2 dx
I.F L 1 d
F = t
(x+1) = — sin X = cos X sin X — t cos x
2 dx
o I X dx ﬂ+2'[cotx—2cosx
x+D) I (x41)2 dx -
_ J'Zcotxdx_ . 2
) J_dx +.[ dx ILF.= e = (sin x)
X+1 (x+1)? t (sin X)2 = 2 [cosx(sinx)?dx
y2 1 { (sin 2 = 2607, ¢
(x+1) =—/(Xx+1)- (x+1) +/nC 3
2= 2 g+~
y2= = (sinx) + .2
Y2=(c+1) o -1 3 (sinx)
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